In this paper, we interpret the Gindikin-Karpelevich formula and the Casselman-Shalika formula as sums over Kashiwara-Lusztig's canonical bases, generalizing the results of Bump and Nakasuji (2010) [7] to arbitrary split reductive groups. We also rewrite formulas for spherical vectors and zonal spherical functions in terms of canonical bases. In a subsequent paper Kim and Lee (preprint) [14], we will generalize these formulas to p-adic affine Kac-Moody groups.
Introduction
This paper was inspired by a paper by Bump and Nakasuji [7] . Their basic philosophy is that an integral over a maximal unipotent subgroup of p-adic group can sometimes be replaced by a sum over crystal bases defined by Kashiwara [13] . The same approach was made by McNamara in [19] . They demonstrated this for the Gindikin-Karpelevich formula and the Casselman-Shalika formula for GL n . More precisely, let F be a p-adic field and N − be the maximal unipotent subgroup of GL n . Let χ be an unramified character of T , the maximal torus, and f 0 be the standard spherical vector corresponding to χ . Let z be the element of L T ⊂ GL n (C), the L-group of GL n , corresponding to χ by the Satake isomorphism. Then the Gindikin-Karpelevich formula for the longest Weyl group element can be written as
where B = B(∞) is the crystal basis for U − (the negative part of the quantized enveloping algebra). Let λ be a dominant integral weight and χ λ be the irreducible character of GL n (C) with the highest weight λ. Then the Casselman-Shalika formula can be written as
where w l is the longest Weyl group element. The definition of the coefficients G Ω (b) in (0.1) and (0.2) is based on the "boxing rule" and "circling rule" in [4, 5, 7] . (See also [2, 3, 6] .) We show that if we use canonical bases due to Lusztig [15] and tensor products of crystals, we obtain simple formulas for the coefficients in a uniform way. We can also generalize the above formulas. Namely, we prove, for any w ∈ W and for any split reductive group, 
(See Propositions 1.4 and 2.1 for the notations.) Notice that in the Casselman-Shalika formula (0.4), we used crystal bases because they behave well with respect to the tensor product. Notice also that the left-hand side of (0.4) can be written as
where M = | + | and t = q −1 . Hence we obtain the product expansion of (0.2). We first prove (0.3) by induction, and deduce (0.4) from (0.3) and the Weyl character formula. In the course of proof, we see that the Casselman-Shalika formula (0.4) can be considered as a q-deformation of the Weyl character formula. K. Joshi and R. Raghunathan [12] constructed interesting infinite product identities for L-functions. As an application of our formulas, we write their identities in terms of canonical bases (see Remark 2.21).
In Section 3, we interpret some formulas in [9] such as for spherical vectors and zonal spherical functions due to Macdonald in terms of canonical bases. As a generalization of the Gindikin-Karpelevich formula, we write the action of intertwining operators on some Iwahorifixed vectors in terms of canonical bases. In the subsequent paper [14] , we will generalize all these formulas to p-adic affine Kac-Moody groups.
Gindikin-Karpelevich formula
Let g be the finite-dimensional simple Lie algebra over C. We have the set of simple roots = {α 1 , . . . , α r }, the set Φ of roots and the set Φ + of positive roots. Let W be the Weyl group of g with generators s 1 , s 2 , . . . , s r , and let w l be the longest element of W . We identify a reduced expression s i 1 s i 2 · · · s i k for w ∈ W with the k-tuple i = (i 1 , i 2 , . . . , i k ). We will denote by R(w) the set of all reduced expressions i for w.
Let U be the quantized enveloping algebra of g. Then U is a Q(v)-algebra generated by the
. . , r}. Let U + be the subalgebra generated by the E i 's and let U − be the subalgebra generated by the F i 's.
Let T i,−1 be the automorphism of U as in Section 37.1.3 of [17] . For c = (c 1 , c 2 , . . . , c k ) ∈ N k and i ∈ R(w), we let [15, 18] 
When w = w l , we obtain a Q(v)-basis G w l of U − , which is called the canonical basis. We will write B = G w l . We define a map φ i :
Then φ i is a bijection.
For w ∈ W , we set
If (ws i ) > (w), we have 
Proof. We will use induction on the length (w) of w. 
On the other hand, since b ∈ G(ws i ) satisfies
mod vL ws i for unique b ∈ G(w) and j 0, we can write G(ws i ) as a disjoint union
Now it is clear that
b∈G(ws i )
This completes the proof. 2
Let E i and F i be the Kashiwara operators on U − as defined in [13] . Let A ⊂ Q(v) be the subring of elements regular at v = 0, and let L be the A-lattice spanned by the set S given by
Theorem 1.6. (See [13] .) 
It was shown by Lusztig [16] that Kashiwara's global basis coincides with his canonical basis. There is a parametrization of B arising from Kashiwara's construction, and the parametrization again depends on i ∈ R(w l ).
The map ψ i is injective, and we will write C i = ψ i (B). It is known that C i is a cone. For i, j ∈ R(w l ), we define the Berenstein-Zelevinsky function σ
Descriptions of the cone C i and the function σ j i can be obtained from Section 3 of [1] .
Corollary 1.7. For any i, j ∈ R(w l ), we have
Proof. Considering the case w = w l in Proposition 1.4, we obtain the identity of the corollary from the definitions. 
One can easily see that the "circling rule" for a i 's in [5, 7] is the same as having coordinates of σ i i (a) become zero. Then we obtain from Corollary 1.7 the result of Theorem 2 in Bump and Nakasuji's paper [7] .
Casselman-Shalika formula
Proof. One can prove the identity using an induction argument as in the proof of Proposition 1.4. We omit the details. 2
When w is a particular Weyl group element (see w 0 below), the left-hand side of the identity in Proposition 2.1 can be considered as a local L-function, and we have written the local L-function as a sum over a canonical basis. We make it more precise. We refer the reader to [ 
A special case is when G = GL n+1 and M = GL n × GL 1 . Consider the cuspidal representation
and
Let P + be the set of dominant integral weights and Q + = r i=1 (Z 0 )α i be the Z 0 -span of . For λ ∈ P + , let L λ be the irreducible highest weight module of g with the highest weight λ.
Definition 2.3. Let λ ∈ P + and i ∈ R(w l ). We define H λ (·; q)
: Q + → Z[q −1 ] using the generating series
and we write
In what follows, we will see that H λ (·; q) does not depend on the choice of i.
We denote by χ(L λ ) the usual character of L λ . (It was denoted by χ λ in the Introduction.) By the Weyl character formula,
In particular, if λ = 0, then
Thus we obtain
Therefore we have proved the following.
Proposition 2.5.
When q = −1 in (2.6), we have the following identity.
Lemma 2.7.
Proof. In (2.4), by replacing z α i by z 2α i for each i = 1, . . . , r, we have 
Therefore, if H ρ (μ; −1) = 0, ρ − μ must be a weight of L ρ , and H ρ (μ; −1) is the multiplicity of ρ − μ in L ρ .
Now we have the following corollary which is a generalization of the second equality of the Casselman-Shalika formula (0.2).
Corollary 2.9.
(2.10)
Proof. By Definition 2.3 and Proposition 1.4,
By the Weyl character formula and Proposition 2.5, the right-hand side is
Remark 2.11. When q = 1, we see that χ 1 (L λ+ρ )z −ρ is the numerator of the Weyl character formula. Hence we can think of (2.10) as a q-deformation of the Weyl character formula. Since
Hence by Definition 2.3,
Therefore, H λ+ρ (μ; ∞) is the multiplicity of the weight λ − μ in L λ .
By putting q = −1 in (2.10), and by Lemma 2.7, Lemma 2.12.
Hence, H λ+ρ (μ; −1) is the multiplicity of the weight
Before we further investigate the implication of the Casselman-Shalika formula (2.10), we need the following lemma. Now we use crystal bases, namely, bases at v = 0, since they behave nicely under tensor products. Let B λ be the crystal basis associated to a dominant integral weight λ ∈ P + . We choose
(2.14)
By Remark 2.8, it is enough to consider μ ∈ Q + such that ρ − μ is a weight of b ∈ B ρ . Using the function G ρ (·; q), we can rewrite the Casselman-Shalika formula in Corollary 2.9 in a familiar form: Corollary 2.15.
Proof. The first equality is obvious from Proposition 2.5 and Corollary 2.9. For the second equality, we obtain
The following proposition provides useful information on H λ+ρ (μ; q) ∈ Z[q −1 ].
Proposition 2.17. Assume that λ ∈ P + . Then we have H λ+ρ (μ; q) is a nonzero polynomial if and only if
λ + ρ − μ is a weight of L λ+ρ .
Proof. We obtain from (2.16) that if H λ+ρ (μ; q)
Remark 2.18. We have proved that H λ+ρ (μ; q) = a 0 + a 1 q −1 + · · · + a k q −k , a i ∈ Z, and H λ+ρ (μ; ∞) = a 0 is the multiplicity of the weight λ − μ in L λ , and H λ+ρ (μ; −1) is the multiplicity of the weight λ + ρ − μ in the tensor product L λ ⊗ L ρ . It would be interesting to study how H λ+ρ (μ; q) is related to the Kazhdan-Lusztig polynomials. We will pursue this in the subsequent paper [14] .
Example 2.19. We consider the case g = sl 3 and fix i = (1, 2, 1) ∈ R(w l ). Using the circling and boxing rules in [5, 7] , we define G ρ (b; q) for each b ∈ B ρ . Comparing Corollary 2.9 and Theorem 1 in Bump and Nakasuji's paper [7] , we see that the condition in (2.14) is satisfied.
We let λ = Λ 1 and consider B λ ⊗ B ρ . We present a crystal graph of B λ ⊗ B ρ in the following figure. The tensor product should be read in the far-eastern reading in the figure. We put If we define G λ+ρ (b; q) for b ∈ B λ+ρ using the circling and boxing rules as in [5, 7] , it follows from Corollary 2.9 and Theorem 1 in [7] that
Remark 2.20. Since we can define G ρ in an arbitrary way under the condition (2.14) and still obtain H λ+ρ , the circling and boxing rules in [5, 7] seem to be very special.
Remark 2.21. K. Joshi and R. Raghunathan [12] have interesting infinite product identities for the L-functions. We can interpret their identities in terms of canonical bases. Let π = π p be a cuspidal representation of GL n /Q. Given N ∈ N, let X N be the set of all Dirichlet characters modulo N . Let p be a fixed prime and ξ p be the local character at p associated to ξ ∈ X N for some N . Since ξ(p) = 0 if p|N , Proposition 2.5 of [12] states
Then by using Propositions 1.3 and 2.1, we can write the above identity in terms of canonical bases and obtain
where π p → I (μ 1 , . . . , μ n ), and
Spherical functions and generalization of the Gindikin-Karpelevich formula
Let us recall some notations and results from [9] . Let G be a split reductive group. Let O be the valuation ring of a p-adic field F with its maximal ideal P and k = O/P be the residue field. We abuse notation and write G = G(F ). Let K = G(O) and I be the Iwahori subgroup of K defined as the inverse image under the projection
We define the G-projection P χ from C ∞ c onto I (χ) by
For each w ∈ W , let φ w,χ = P χ (1 I wI ), and let φ K,χ = P χ (1 K ). Here given a subset S of G, the notation 1 S denotes the characteristic function of S. We will sometimes omit the reference to χ . Then the functions φ w , w ∈ W , form a basis of I (χ) I , and the function φ K is a basis of the 1-dimensional space I (χ) K . The intertwining operator T w : I (χ) → I (wχ) satisfies
where we set
We have another basis {f w } of I (χ) I such that Using Proposition 1.4, we rewrite the above formula as follows.
Proposition 3.1.
Now we study the effect of intertwining operators on Iwahori-fixed vectors. Casselman [9] (
In the following proposition, we write the action of intertwining operators on some Iwahorifixed vectors in terms of canonical bases. This can be regarded as a generalization of the Gindikin-Karpelevich formula. A relevant result and interesting conjectures can be found in [8] . We first consider T σ τ σ (φ σ,χ ) (1) . In this case, σ σ 2 . So (3.6) is not satisfied, and we obtain We have the Cartan decomposition G = KT − K, where T − corresponds to the set of dominant integral coweights. Then Macdonald's identity shows that for t ∈ T − , we have wχ .
Hence we obtain the following proposition. 
